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RAMIFICATION OF THE EIGENCURVE AT CLASSICAL RM 

POINTS 

BETINA ADEL 


Abstract. J.Bellai'che and M.Dimitrov have shown that the p-adic eigencurve is smooth 
but not etale over the weight space at p-regular theta series attached to a character 
of a real quadratic field F in which p splits. We proof in this paper the existence of 
an isomorphism between the subring of the completed local ring of the eigencurve at 
these points fixed by the Atkin-Lehner involution and an universal ring representing 
a pseudo-deformation problem, and one gives also a precise criterion for which the 
ramification index is exactly 2. We finish this paper by proving the smoothness of the 
nearly ordinary and ordinary Hecke algebras for Hilbert modular forms over F at the 
cuspidal-overconvergent Eisenstein points which are the base change lift for GL(2 )/p 
of these theta series. 


1. Introduction 

Let p be a prime number and C be the p-adic eigencurve of tame level N constructed 
using the Hecke operators Up and Ti,< i > for i f Np. Recall that C is reduced and 
there exists a flat and locally finite morphism k : C ^ W, called the weight map, where 
W is the rigid space over Qp representing homomorphisms x (Z/AZ)^ —)• Gm- The 
eingencurve C was introduced by Coleman-Mazur when the tame level is one (see M), 
and by Buzzard and Chenevier for any tame level (see [1] and [5] for more details). 

Let be the ring Z[r;, then by construction of C there exists a morphism 

H —>■ such that we can see the element of % as global sections of the sheaf 

bounded by 1 on C; therefore, the canonicals application ’’system of eigenvalues” 
C(Qp) Hom(?^,Qp) is injective and induces a one to one correspondence between 
the set of normalised overconvergent modular eigenforms with Fourier coefficients in Cp, 
of tame level N and of weight k € VV’(Cp), having nonzero C/p-eigenvalue and the set 
of Cp-valued points of weight k on the eigencurve C; moreover, since the image of % 
is relatively compact in Oq^^{C), and 0^^{C) is reduced, then there exists a pseudo¬ 
character T : —>■ O^Q^{C) of dimension 2, such that T{Frohi) = T^. 

The weight map C —>• W is etale at non-critical p-regular points corresponding to 
classical modular forms of weight > 2. This follows from the semi-simplicity of the 
action of the Hecke algebra and the fact that the multiplicity of the operator Up is 


1 



2 


BETINA ADEL 


exactly one (see [g §7.6.2], [ig §1.4] and [H]) ; but this result failed for the classical 
points of weight one (For more details see [U §1.1], [121 §7.1] and [121 §7.4]). 

The locus of C where \Up\ = 1 is open and closed in C and is called the ordinary locus 
of C and denoted by The ordinary locus C°^'^ is the generic fiber of the universal 

p-ordinary Hecke algebra of tame level N. 

Let / be a classical weight one point on and denote by p : Gq — >■ GL 2 (Qp) 
the associated Galois representation by Deligne-Serre m Proposition §4.1 ], which has 
finite image. We fix an algebraic closure Qp of Qp and an embedding ip : Qp, which 

determines an embedding Gq. Since the image of p is finite then p\Gq^ = V'l ® V' 2 , 

where V’i : Gqj, —>■ Qp are character. Moreover, we say that / is regular at p if, and only 
if, •i/)! / V’2- 

Let T be the completed local ring of C at / and A be the completed local ring of W 
at k(/). The weight map k induces a finite and flat homomorphism : A ^ T of local 
reduced complete rings. 

Let C be the category of complete noetherian local Qp-algebras, with residue field Qp 
whose morphisms are local homomorphisms of complete noetherian local rings which 
induce the identity on their residue field and let (77, p°^‘^) the universal 2-tuple, repre¬ 
senting p-ordinary deformation of p (see [TJ section §2]). Under the assumption that 
p is p-regular, M.Dimitrov and J.Bellai’che showed in the paper [TJ §5.1,§6.1,§6.2] the 
following results. 

Theorem (J.Bellai'che-M.Dimitrov [T]). 

(i) There exists a deformation pj- : Gq^np GL 2 (T) of p which is ordinary at 
p and the morphism : A ^ T sends the universal deformation of det p to 
det pp. 

(ii) TZ is a discrete valuation ring and the deformation pp induces an isomorphism 
TZc^T. 

(hi) The morphism \ A^ T is ramified, if and only if, f has RM by real quadratic 
field in which p splits. 

Let T be a quadratic real field, ep : Gq/Gp { — 1, 1} the non trivial character and 
a a generator of Gal(T/Q), we say that / has RM by F if and only if p ~ p (8) ep. By 
m §3.1], there exists a character cf : Gp —>■ Qp such that p ~ IndQ 4>. The embedding 
ip single out a place u of F above p and denote by u”" the other place. The hypothesis 
that p is p-regular implies that 4>\Gp^ 7^ ^'(gf ' Moreover, p splits in F, then Gp^ = Gq^, 
~ V’l and = V ’2 (V ’2 is an unramified character). 

Since p ~ p ® ep (i.e p = IndQ cf), the map given by p°'''^ —)• ® ep rises to an 

automorphism r : 77 —)• 77, denote by 77 t-=i, the sub-ring of 77 fixed by r. 
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In section ^ we introduce a ring representing a pseudo-deformation functor of 
the reducible Galois representation to the object of with some local condition at 
p (i.e ordinary at v) and with invariant trace by the action of cr on (see Definition 
^3.4p . Denote by the reduced structure of 

Theorem 1.1. There exists an isomorphism TZr=i — reduced ring is 

a discrete valuation ring. 

Let H C Qhe the number field fixed by ker(ad/9) and let Hoo,v (resp. Hoo^v'^) be the 
compositum of all Zp-extensions which are unramified outside v (resp. v^), Hoo be the 
compositum of iLoo,u and Hoo,v'^, be the maximal unramified abelian p-extension of 
Hoo and Xqo be the Galois group Gal(Loo/LIoo)- It is known that Gal(LIoo/^I) ~ 
acts by conjugation on and that X^o is a finitely generated torsion Zp[[Gal(LIoo/^I)]]- 
module (see [T5l §1.1]). 

Theorem 1.2. Let F" be the maximal unramified extension of H contained in Hoo o.nd 
Lq be the sub-field of Loo such that Gal(Lo/-f^oo) is the largest quotient of Xoo on which 
Gal(LIc>o/Q) acts via ep, we have: 

(i) If Lq is an abelian extension of F" or Gal(Lo/LIoo) is a finite group, then the 
ramification index e of C over W at f is exactly 2. 

(ii) Assume that the p-Hilbert class field of H is trivial, the extension H/Q is bi¬ 
quadratic, then the ramification index e of C over W at f is 2 if and only if 
Gal(Lo/LI) is an abelian group. 

Our approach is inspired by the paper [7] of Cho-Vatsal and build upon uses the 
techniques and results of the paper [1]. More precisely, we show that the ramification 
index of IZt-=i ^IZ\s two. The key observation made in section §3, is that the ring IZt-=i 
is isomorphic to and by computing its tangent space we show that it is isomorphic 

to A, from which follows that the ramification index of k is exactly two, since IZ:^F. 

Let p = IndQ 0 be the residual representation of p, where Fp is a finite field of charac¬ 
teristic p. Assume that (j) is the Teichmuller lift of (p and that p is an unramified character 
(i.e F = Q{y/N)). Let m denote the maximal ideal of the p-adic ordinary Hecke algebra 
hq = hq{Np°°) determined by the representation p and let hp = hp{p°°) (resp. hfi°^'^) 
be the p-ordinary (resp. p-nearly ordinary) Hecke algebra arising from cuspidal Hilbert 
modular forms of level p°° for the field F. After a scalar extension we can consider that 
hq (resp. hp and hfi°^'^) is an algebra over the ring of integers of Qp. 

Langlands proved in [22] that for any primitive holomorphic elliptic cusp forms fk G 
5fc(ri(A^), ep) of weight k >2 and of Neben type character ep, there exists a base change 
lift fh which is a Hilbert modular form for GL(2)/p’ of weight k, level 1, with a trivial 
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Neben type character and such that L{fk, s) = , s), where pf^ is the p-adic Galois 

representation attached to fk (i.e L{fk,s) = L[pf^^s)). Moreover, Hida constructed in 
[191 §2] an involution a; on and following the work of Langlands, Doi, Hida and 

Ishii in the papers [25] and [Hj, there exists a base-change morphism: 

P : hp ^ hQ 

They constructed also an action of A = Gal(F/Q) on hp given by cr(Tq) = Tq<^. Let t) 
denote the inverse image of m under this base-change map, then they conjectured under 
suitable assumptions that 

/iF,t,/(A - l)hp^q - 

where is the fixed part of by the involution w (see [HI §3.8]). 

The restriction of p to Gj? is the Galois representation associated to an overconvergent- 
cuspidal weight one p-stabilized Hilbert Eisenstein series of tame level 1, and 

is associated to the height one prime ideal n = (3 ^(p/) (resp. of hi? (resp. 

Write for the completion of the localization of hi? by n and for the reduced 
quotient of by the ideal of generated by elements of the form A(a) — a. 

Theorem 1.3. The base-change morphism 13 induces an isomorphism of local rings 
13f : ~ 7+; where 7+ is the subring ofT fixed by r under the identifieation 7?. ~ T. 

The Theorem 11.31 allows us to use the exact same arguments that are given in the 
proof of Theorem m B] to deduce the following variant of the Gonjecture [H 3.8] 
without assuming that 1 as in [T] B]. 

Corollary 1.4. Assume that the following conditions hold for p: 

(i) The charaeter is everywhere unramified and ' 

(ii) The restriction of p to Gal(Q/Q(-\/(—l)(?’“^l/^p)) is absolutely irredueible. 

Then the image of the base-change morphism j3 : hp ^ ® finite index. 

Let be the completion with respect to the maximal ideal of the localization of 

l^yrd ^n.ord 

Theorem 1.5. Assume that is unramified everywhere and ^(Frob.y) 7 ^ (/)”'(Frob^), 
then: 

(i) The affine seheme Spech^'°^'^ is smooth at the height one prime corre¬ 

sponding to the cuspidal-overconvergent Eisenstein series 

(ii) The affine scheme Spec hi? is smooth at the height one prime n corresponding 
to the cuspidal-overconvergent Eisenstein series E^^^^ap and in this case ~ 

jy ~ r+. 
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Now let 5^ (resp. denote any nearly ordinary (resp. cuspidal ordinary of parallel 

weight) p-adic family which specializes to the cuspidal-overconvergent Eisenstein series 
™ weight one. It follows from the theorem above that ^ (resp. is unique up 

to a Galois conjugation, since there is only one component of Spec(resp. Spec hi?) 
passing through the point (resp, n), and it is a consequence of the fact that 

and are regular rings (hence integral domains). Moreover, is the base change 
lift of a p-ordinary Hida Family passing through /. 

Let us now explain the main ideas behind the proof of Theorem ll.51 First, we construct 
in proposition 16.31 a p-nearly ordinary deformation 


P^r^.ori ;Gf^GL2(T”-'’^'^) 

of a reducible representation p having an infinite image and with trace (j) + (j)^ (this 
construction is inspired by the paper m)- 

After, we introduce a deformation problem with some local conditions at p 

and such that is representable by and which surjects to the local ring 

Yn.ord q£ (iijjiension 3. The computation of the tangent space of represents 

an important part of the proof and shows that is of dimension 3 (see Theorem 

EED. Hence, the above surjection is an isomorphism of complete local regular rings of 
dimension 3. 

Finally, we deduce that the dimension of the tangent space of the sub functor p°^‘^ of 
X>n.ord q£ ^.ordinary deformations of p is one, and hence the p-ordinary quotient of 
^n-ord jg discrete valuation ring. 


Remark. 

(i) Suppose that the residual representation of p over a finite field satisfies the assump¬ 
tions of the theorems of Taylor-Wiles [29j and [3T], adp is irreducible and p > 3, then 
Gho-Vatsal showed under theses additional assumptions theorem ll.il 

(ii) H.Darmon, A.Lauder and V.Rotger give in [10] a formula of the g-expansion of 
a generalised overconvergent form /f in the generalized space associated to / (which is 
not classical). The coefficients of the generalised eigenform are expressed as p-adic 
logarithms of algebraic numbers. 

(iii) S.Cho provided in [G] §7] many examples when the ramification index e of C over 
W at / is exactly 2. More precisely, she gives examples where is isomorphic to the 
Iwasawa algebra. 

(iv) Dimitrov and Ghate provided in [121 §7.3] many examples implying that T is of 
rank two over A and so the index e is also 2 in their examples. 
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Notation. When L is a number field and S the places of L above Np, we denote by 
Gl^s the Galois group of the maximal extension of L unramified except at the places 
belonging to S and at infinite places. 

Let O be the ring of integers of a p-adic field and Fp its residual field, CNLo be 
the category of complete, local, Noetherian O-algebras with residue field Fp and whose 
morphisms are the local morphism of local rings inducing the identity on their residue 
fields. 

For any commutative ring A, write Ma for the free ^-module A(B A. 

For any local ring A, write for the maximal ideal of A. 

Let Aq denote the Iwasawa algebra 0[[T]]. 

When W is a representation of G and are subgroups of G, we will write: 


ff (G, W)g, = ker ff(G, W) ^ © W{Gi, W) 


i&I 
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2. Preliminaries and some properties of TZ and TZr=i 
Let A be a ring in the category C and pA '■ Gq GL 2 (^) a deformation of p, we say 

( lb' * \ 

0 ^ Ip" ) '''^kere is an unramified 
character lifting 1 /^ 2 . We consider a deformation functor P : C —)• SETS, given by strict 
equivalence classes of deformations of p, that are ordinary at p. By Schlesinger’s criteria 
the functor T> is representable by [TZ, p°'"'^) (see [U section §2]) and denote by t-D for its 
tangent space. 

2.1. Some properties of p °^'^ and The ring TZr = i - The projective image of p is 
dihedral and contains an order 2 element which by a slight abuse of notation we denote 
it by fj. Let (ei, 62 ) be a basis in which p^Q^ = </> © (p", by rescaling this basis one can 
assume that p {( j ) = (5 q) PGL 2 (Q) 

We want to exhibit a suitable basis of M-ji, such that the diagonal entries of the 
realization of p°^'^ in this basis, depends only on the trace of Tr The existence of 
this basis will be crucial for the section ^ 

Lemma 2.1. Let 70 be a fixed element of Gp^, which lifts Frobp (tp : Gp^ ^ Gq^^) and 
satisfies cpi^jo) 7 ^ then there exists a basis of M-p, such that /5°^'^(7o) = (0 *) 

and = (0 n basis. 
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Proof. Let K be the field of fractions of TZ (TZ is DVR). Since TZ is Henselian (even 
complete) and cj){'y) ^ there exists a basis of M-ji (g) K such that p°'^^ (g) LC( 7 o) = 

(Q °) and (g) iL = (Q * ) in this basis and since TZis a. discrete valuation ring, we can 
find a basis of M-ji satisfying the desired conditions. ■ 

Remark 2.2. Since 4>{'yo) 7 ^ '?^'^( 7 o); then any other basis satisfy the same assumptions 
of the lemma \2.1\. are obtained by conjugating the chosen basis by a diagonal matrix. 
Such conjugation doesn’t change a{g),d{g) and the produet b{g).c{g), where p°^'^{g) = 

( a.(g) b{g) \ 

V cfg) d{g) ) ■ 

Let cr be a generator of the group A = Gal(F/Q) and ep be a quadratic character of 
A. One can see that Np^epN = p, where V = ™ (ci)C 2 )- 

Definition 2.3. Let o — )• f \ \ 'l be the realization of p°^’^ in a basis whieh 

satisfies the assumption of lemma \2.1\. Consider the automorphism N of End 7 ^(M 7 j) 
given by (~()^5) in the basis then the map p°’’‘^ —)• N{p°’'^ (g) ei?)iV induces an 

automorphism t of the deformation functor P, hence an automorphism t -. TZ ^ TZ, with 
r 2 = l. 

From the fact that Trt(/ 9 "’''^) = Tr(p°'’'^ (g) ep) and by a theorem of Nyssen [23] and 
Rouquier [25|, the involution r is independent of the choice of a basis of Mn, in which 

Let ^ be a ring in the category (T. Then a deformation ipA ■ GQ,iVp of det(/?°'’‘^) 

is equivalent to a continuous homomorphism h : Gq^np —^ 1 + Using the class field 
theory, we obtain an isomorphism Hom(GQ^^, l+m^) — Hom((Z/iVZ)^ x Z^ , I + itia) = 
Hom(l + gZp, 1 + rriA), where q = p p > 2, and (? = 4 if p = 2. 

Since 1 + iua does not contain elements of finite order and A ~ Qp[[l + q'Lp]], then 
any deformation of det p to the ring A is obtained via a unique morphism A ^ A. By 
an abuse of notation write : A ^ TZ for the morphism induced by the deformation 
det p^'^ of det p (i.e we identify TZ and T). 

Lemma 2.4. 

(i) The involution r is an automorphism of A-algebra. 

(ii) Let TZr=i denote the subring of TZ fixed by t, then the ring TZr=i is an object of 
the category £ and has Krull dimension equal to one. 

(hi) The ring TZr=i is DVR. 

(iv) Write L for the field of fraction of TZr=i and K for the field of fraction of TZ, 
then L is equal to the set of elements of K fixed by r. 

(v) The involution t : TZ ^ TZ is not trivial and the injection l : TZr=i — )• TZ has 
degrees of ramification equal to 2. 
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Proof. (i)Since det{p°'"^) = det{N (g) epN), t o . 

(ii) Since : /I —)• T is finite morphism and 7^ ~ 7~, TZt=i is finite over A. The 
fact that A is Henselian ring of dimension one (even complete) implies that TZr=i is a 
finite product of local rings and his Krull dimension is one. However, the ring TZr=i is a 
domain {TZr=i C 7^), so TZt=i is complete local ring of dimension one. 

(iii) Since TZr=i is local domain, Noetherian and has Krull dimension equal to one, it 
is sufficient to show that it is integrally closed. Let a be any element of the the fraction 
field of 7 ^t=i such that a is integral over TZr=i', write a = x/y, where x G 7^r=i and 
y G TZt=i — {0}. Since 7^r=i is a subring of TZ, a is integral over TZ. It follows that a gTZ 
since the ring TZ is DVR. However, r(a) = r(x)/r(y) = x/y = a, so T(a) = a, hence 
OL G TZr=l- 

(iv) Let a G K and assume that r(a) = a. Since 7^ is a valuation ring, a G TZ or 
a~^ G 7^, so a G TZr=i or a~^ G TZr=i, hence a G L. 

(v) Assume that r is trivial, then p°'^^ ~ p°^^ ® ep- According to proposition [141 

§3.1], p°'^^ ~ IndQ where (jf^^ : Gp —)■ TZ^ a character. Since 7^ ~ T, p°'^‘^ is a 
representation associated to a primitive Hida family containing /. Thus, is dihedral 
RM, so any specialization to weight fc > 2 is a classical modular form of weight k > 2 
which has RM by F. However, as is well known, there is no RM modular forms of weight 
> 2, so we have a contradiction. Therefore, r is not trivial. Since K = and = 1, 
LjK is an extension of degrees two. ■ 

Denote by v-p the valuation of TZ, H the splitting field of ad p and wq the place of H 
over p single out by ip. In lemma IHTSl we need to exhibit a generator of from the 

entries of the matrix of p°^'^ and in lemma ITTl we need to estimate the lower bound of 
the set U'ji{b{GH^a))-, and that is the purpose of the following proposition. 

Proposition 2.5. Let g —>■ the realization of the universal deformation 

p°^'^ in the basis which lifts ( 61 , 62 ), then: 

(i) There exists two elements go, ho G Gp such that the order of both b{go) and c{ho) 
in TZ is one, and If is the place of H above induced by the embedding ip, 
the image of Gu^^a by b is contained in m^. 

(ii) One always has diuiq^H^ {F, (j)'^ / cj))Gp^ = 1. 

Proof. (i)Let (“^) be an element of adp, by proposition [TJ §2.3] and the fact that 
Gqp = Gp^, the restriction of c (resp. d) to Gq^ (resp. to Ip) rises to the following 
isomorphism: 


tp = ker (H^(GQ,adp) H^(Gqp, © H^(/p,Qp)) 


( 1 ) 
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We have the following decomposition of ad p: 
ad/9 ~ 1 © Ci? 0 IndQ((/)/(/)'^), given by (“^) = (Sd) + (co)> inducing the following de¬ 
composition: 

ad p) ~ ^/</>) © HHGf, 0 '"/^) ( 2 ) 

given by (“ ^ (a, 6 , c, d), where the action of u E Gal(F/Q) exchanges a, d and b, c 

(i.e b = , d = a^). By applying restriction-inflation exact sequence to the isomorphism 

(1), the relation (2) and [H §4.2], we deduce that (“ ^) E fp if, and only if, a = d = 0, 
b = c'^, and c E H^(F, cj)^/4 >)gp^ ■ According to [TJ Theorem §2.2], dim tx> = 1, so c is not 
trivial and the same for b, since b = . 

Furthermore, so b\Gp G H^(F, (/)/(/)°')g'^ The restriction-inflation exact 

sequence yields b^Gn ^ 

Let / 9 e be the deformation of p induced by the composition of the canonical projection 
TZ ->* TZ/xn^ and p°^'^. Since the dimension of tx> is one, TZ is DVR (see [H §6.2]) and 
TZ/m^ is isomorphic to the dual numbers, so p^ E D(Qp[e]). 

Therefore, Pe{g) = (1 + epi{g))p{g), where pi = (“^) is a generator of t-j)- Let 
g ^ ) be the realization of p^ by a matrix. Since p\Gf diagonal, 6 7 ^ 0, c / 0 

and b\GH ^ ~ then 6 ' 7 ^ 0 , c' 7 ^ 0 and = 0 , hence 6 7 ^ 0 , c 7 ^ 0 modulo m|j. 

™o _ "0 

Moreover, Gh = ker(ad/ 9 ), so h\Gjj „ = 0 modulo m^. 

^0 

(ii)It follows immediately from the isomorphism tx) — H^(T, cjf /4 >)gf^ and [U Theorem 
§ 2 . 2 ] (i.e dimQ^tx, = 1 ). ■ 

2.2. Criterion to extend a GiT’-representation to Gq. In this subsection, we give 
a sufficient condition for extending a representation px : Gp —>■ GL 2 (Ar) to all Gq, this 
condition will be crucial in the proof of theorem 11.11 

Definition 2.6. Let K be a ring and px : Gj? —)• GL„(Ar) be a representation. Write 
P^K^g) for PK(tgt~^), where t is an element of Gq non trivial on A. 

Assume the following condition: 

(G) For each t E Gq, there exists r{t) E GLn{K) such that px = r(f)“^/9^r(f). 

Proposition 2.7. Let px '■ Gp —>■ GL„(iL) be a representation, where K is a ring. 
Assume that the only matrices in Mn{K) that commute with the image of px are the 
scalar matrices, and px satisfies the condition (G). Then: 

(i) Writing Gq = Gp U Gp.t for a fixed t E Gq, so we can choose r such that 
the following conditions are satisfied : V/i E Gp, r{ht) = px{h)r{t) and r{h) = 
pxih). 
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(ii) The function g : Gq x Gq —>■ defines by g{t',t) = r{t')r{t)r is an ele¬ 

ment o/H^(Gq,/C^) for the trivial action of Gq. Moverover, g factors through 

A. 

(iii) If the cohomology class of g ^ H^(A,K^) vanishes, then there exists a represen¬ 
tation r : Gq —> GLn{K) extending px, and if r' is another extension of px, 
then r' = r ® ep- 

Proof. See [23 A 1.1], ■ 

Corollary 2.8. 

(i) Let px : Gp ^ GLn{K) be a representation, where K is a field. If px satisfies 
the same hypothesis of lemma [A~7[ there exists a finite extension L/K and a 
representation pp : Gq —)• GLji(L) extending px. 

(ii) Let A be a ring in the category <t and ipA ■ Gp ^ be a character, invariant 
by the action of each a in Gq. Then there exists a character : Gq ^ A^ 
extending ip a ■ 

Proof. (i)There exists a functorial isomorphism H^(A,A'^) ~ . Choose an 

element x G corresponding to the cohomology class of [£»] in H^(A,A'^). Let L be 
a finite extension of K containing ^Jx, then the cohomology class of [^] in H^(A,L^) 
vanishes. Hence, we may conclude by proposition 12.71 

(ii)The residue field of A is Qp and it is algebraically closed. Hensel lemma’s implies 
that the group H^(A,A^) = is trivial, so the desired result follows from 

proposition [2771 ■ 


3. Pseudo-deformation and the ring 

3.1. Pseudo-Character and pseudo-representation. The hrst occurrence of pseudo¬ 
representation appeared in the work of Wiles (see [30], PP 563 — 564 for details), but 
in his definition he requires the presence of a complex conjugation c which forces the 
pseudo-representation to depend only its trace, but for us we will replace c by 70 which 
is a hxed lift of Frob-p to Gp„. Under the presence of 70 , we show in lemma [3^3 that a 
pseudo-representation depends only on its trace. 

Definition 3.1. Let A be a commutative ring and 70 be a fixed lift o/Frobp to Gp^ such 
that 0 ( 70 ) / 

Let a,d : Gp A, x : Gp x Gp A be a three continuous functions satisfying the 
following conditions: For all g,h,t, s,w,n G Gp, we have: 

1 ) a{st) = a{s).a{t) + x{s, t) 

2 ) d{st) = d{s).d{t) -|- x{t, s) 
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3) x{s,t).x{w,n) = x{s,n).x{w,t) 

4) x{st,wn) = d.{s).a{n).x{t,w) + a{n).d{t).x{s,w) + d{s).d{w).x{t,n) + d{t).d{w).x{s,n) 

5) a(l) = d(l) = 1 and x{h, 1) = x{g, 1) = 0. 

6) ^(70, 5 ) = x{h,-io) = 0. 

Then we say that = {d,d,x) is a pseudo-representation (see [301 2.2.3] for more 
details). The trace and determinant of tta are the functions Tr(7r^)(g) = d{g) + d{g), 
and det7rA(c/) = d{g)d{g) -x{g,g). 

Definition 3.2. Let vr = be the pseudo-representation associated to the repre¬ 

sentation P\Gp- 

Let A he a ring in and tta = {dA,dA,XA) be a continuous pseudo-representation, we 
say that tta is a pseudo-deformation if, and only if, tta mod itia = vr. 

Meantime, the work m is a reference of pseudo-deformations. 


Lemma 3.3. 

(i) Let A he a ring in <t, and txa = idA,dA,XA) be a pseudo-deformation, then tta 
depends only on TYtta and detvTA by the following formula: 


( 1 ) 


dA{g) 

dA{g) 


Tr7rA(7og) - A 2 Tr7rA(g) 
Ai — A2 

Tr7ryi(7og) - Ai Tr7rA(g) 
A 2 — Ai 


where Ai = 0(70) and A2 = d(7o)- 

(ii) If A is a domain, then txa depends only on its trace (i.e det tta depends on 

Txtta)- 


Proof. (i)Since x( 7 o, 7 o) = 0 , det 71^(70) = a( 7 o)'^( 7 o)j then 0(70) and (i(7o) are solutions 
of 


(2) - Tr7rA(7o)-’f+ det7rA(7o) 

By assumption ^(70) ^'^(70), so Hensel lemma’s implies that 0(70) and (i(7o) are the 

unique solution of (|2|). 

Finally, the relation ([ 1 ]) follows directly from the relations defining pseudo-deformation. 
(ii)Let K be the fraction field of A and K its algebraic closure. The function Tctta : 
Gp -A K is pseudo-character. By theorem | 28 [ 1 . 1 ], there exists a unique semi-simple 
Galois representation px '■ Gp —t GL2(.^) such that Tx px = Tx pa and detpi^' = 
det VTA- ■ 
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3.2. Ordinary Pseudo-deformation. In this section we will define a sub-functor of 
the functor pseudo-deformation of vr and will show that it is representable by an object 
of C. 

Definition 3.4. Let © : C —>• Set be the functor of all pseudo-deformations tta = 
{dA,dA,XA) which satisfy the following conditions: 

(i) For all h G Gp^, h' G Gp, XA{h', h) = 0 . 

(ii) dA{g) = l if g e Iv 

(hi) TrPA{'t~^gt) = TrPA{g) for each t in Gq and g G Gp. 

Proposition 3.5. 

(i) Let 7r( = {a',d',x') be an element of <5{Qp[e]), then for any h in Gp, ) 

(resp. is an element of Z^{F,f>/fF) (resp. 

(ii) The functor (3 is representable by (TZ^^ 

(hi) The determinant detyr^* is invariant by the action of a. 

Proof. (i)It follows from the defining properties of a pseudo-deformation. 

(ii) The functor © satishes Schlesinger’s criteria, the only non-trivial point is the hnite- 
ness of the dimension of the tangent space tg of ©, and this is provided by the same 
argument of lemma |27l §2.10] (since H^(P, c/i/c))'^) has a hnite dimension). 

(iii) A direct computation shows that 

= {TrpP^{g)f -Idetp^^g), 

so the assumption follows from the fact that Vt G GQ,\/g G Gp, Tr(t~^gt) = TipP^^g). 

■ 

Lemma 3.6. There exists a natural morphism A —)• TZP^ induced by the deformation 
detTT^^ o/detvr. 

Proof. According to (iii) of lemma 13.51 and corollary 12.81 we can extend det pP^ into a 
character ip : G^^p —)■ (77.^®)^ and we choose one whose reduction modulo is equal 
to det p. Therefore, there exists a unique morphism A —)• TZP^ which sends the universal 
deformation of det p to ip. 


3.3. Proof of the isomorphism — TZt=i- 

Lemma 3.7. Let S' the realization of p^^'^ in a basis = {vi,V 2 } (see 

lemma \KM, then: 

(i) The 3-tuple Pnr=i = a pseudo-deformation of p. 
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(ii) There exists a unique morphism g : —)• TZt=i inducing the pseudo-deformation 

'^'R-r = l- 

Proof. (i)It follows from the relations defining a pseudo-representation. 

(ii)Since the representation is ordinary at Gf„, there exists a unique morphism 
g : —>• TZ, such that g o ■ 

Moreover, the action of r on Tr (resp. on det p°'^^) is given by Tr —)• Tr p°'^^®eF 

(resp. det — )• det p°'^^ ® (-f), so r acts trivially on Tr p°ff^ (resp. on det 

Since TZr=i is henselian (even complete), (/>( 7 o) 7 ^ and Tr ^'”'‘^( 70 ), det p°’''^( 7 o) 

are elements of the ring 7Zr=i (70 G C Gf)-, the eigenvalues Ai and A 2 of p°^'^( 7 o) 
are in TZr=i. 

Hence, a direct computation shows that d{g) = dhe— d{g) = dhe— 
and a{gh) = d{g)a{h)+x{g,h). Therefore, r(a|G^) = 0 |g^, r(d|G'^) = d\Cp and t(6|g^.C|g^) 
b\Gp.c\Qp, hence g factors through TZr=i. ■ 

Lemma 3.8. 

The morphism g : TZ^^ —)• TZr=i is surjective. 

Proof. According to lemma [2Al there exists go, ho in Gf such that the order of both 
b{go) and c{ho) in TZ is one, so x{go, ho) = b{go)c{ho) is of order 2 in TZ. However, TZr=i 
is DVR and the injection i : TZr=i ^ TZ is ramified with a ramification index is equal 
to 2, so b{go)c{ho) = x{go, ho) has order one in TZr=i and since TZ^^ is the universal ring 
representing the functor 0 , x{go,ho) is contained in the image of the maximal ideal of 
TZ^^ by the morphism g. 

Let B be the image of the morphism g, so H is a sub-algebra of TZr=i. Denote by Fj- 
the discrete valuation of the ring TZr=i and by mg for the maximal ideal of B. It follows 
from the discussion above that mg contains an uniformizing element of TZr=i. Write a 
for the ideal mg 7 ^T-=i 5 so 0 = since mg contains an uniformizing element of TZr=i. 

By lemma [3^ the ring TZ^^ has structure of T-algebra and from the fact that det — 

g o detvr^®, g is morphism of H-algebra. Since TZr=i is a finite T-module, the morphism 
g : TZ^^ —>• TZr=i is finite. 

Now, apply Nakayama’s lemma to the T^^^-module TZr=i, we find that 1 is a generator 
of TZr=i as 7^^^-module. Hence, the morphism g is surjective. 


Proof of theorem II. 11 We will show that the morphism g : TZ^^ —>■ TZr=i rises to an 
isomorphism TZ^^/Tl ~ TZr=i, where Tt is the radical of TZ^^ . According to proposition 
ESI the morphism g is surjective. If we denote by £ the kernel of g, the statement is 
equivalent to £ C Tt, which means that Spec7?.T-=i = Spec7?.^^. 


Tr p 
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Let p be a prime ideal of , and tt" : 7^^® -» 'RP’^ j's? be the canonical surjection. 
Write K for the fraction field of 7^^®/p and vTp = (op,dp,Xp) for the pseudo-deformation 
obtained by the composition vr" o vr^®. 

If Xp = 0, then pK{g) = ( j ) is the unique semi-simple representation associated 
to TTp. 

By assumption Tr(p/c) = Tr(p^), so Op = dp (since the action of a permute 4> et 
and 4> 7 ^ 4>^). Hence, Ind^ Op is a representation extending pK to Gq. 

If there exists gi,hi G Gp such that Xp{gi,hi) / 0, proposition [3D1 §2.2.1] implies 
that there exists a Galois representation pk ■ g ^ g) ) such that 

Tr pK = Tr TTp. 

The fact that pk{io) is diagonal with distinct eigenvalues and Xp{gi,hi) ^ 0 implies 
that pk is absolutely-irreducible. Moreover, Trvr^ is invariant by the action of cr (i.e 
Trir^ = Trp/f = TrpJ-), so [JSl Theorem §1] yields an isomorphism pp (g) iL ~ (g) iL. 

Hence, there exists r(cr) € GL 2 (L'), where L' is finite extension of K such that 
r{a)pK'r~^{a) = p^. Thus, the representation pp satisfies the assumption of corol¬ 
lary [221 Therefore, there exists a finite extension L/V and representation pp : Gq —)• 
GL 2 (T) extending pp. 

Let A be the integral closure of in L. Since is a local Nagata ring (even 

complete), A is finite over 7^^®/p, by using the same argument as in (ii) of lemma |231 we 
deduce that M G £. Moreover, Trpi(cr^) = Tr P 7 ,((t))^ — 2det pL(cr), so Tr(pi(GQ)) C A. 
Thus, Tr pl : Gq ^ M is a pseudo-character such that its reduction modulo tUyt is equal 
to Trp|G^. 

According to proposition 12.71 the restriction of p to Gi;’ extends uniquely to Gq since 
p ~ p (g) ep, hence theorem [28l I] implies that the reduction of the pseudo-character 
Trpi modulo is equal to Tr(p). 

According to a theorem of Nyssen |23] and Rouquier [25], there exists a deformation 
PA '■ Gq GL 2 (M) of p, such that Trp _4 = Trp£,. In addition, we have Gp^ = Gq^ 
(since p splits in F) and by construction {pk)\Gqj, - {PA ® ^)|Gqp - (t)^ pO’ 

V ’2 • Gqp —)• A^ is an unramified character lifting 4>^Qp (i-e V ’2 = ('^p)|GQp)) hence 
proposition [Tl §5.1] implies that the representation p _4 is ordinary at p. 

Thus, there exists a unique morphism h :TZ ^ A inducing p_ 4 . 


77P" 


TT 


// 



n 




A 
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The morphisms h o l o g and tt" induce two pseudo-deformations of vr with the same 
trace and determinant. Now, thanks to lemma [T3] we know that a pseudo-deformation 
depends only on its trace and determinant, so ho to g = vr". Hence, the diagram above 
is commutative. Thus, we have the inclusion T C p and which implies that the ideal £ 
is contained in the radical of TZ^^. 


4. Proof of the main Theorem 11.21 

Hypothesis. Assume that Lq is an abelian extension of F". (G) 

In this section, we proof that TZr=i is isomorphic to A when (G) holds, and it is 
equivalent to show that the tangent space of '^r=i/(niA, J is trivial when (G) 
holds. 


4.1. Tangent space of TZr=i- Denote by the tangent space of TZr=i, since TZr=i 

is DVR (see ^2.4p . the dimension of is one. 

Write for the sub-space of of pseudo-deformations with fixed determinant. 

It follows from theorem 11.11 that '—>• ^ 7 ^.^=! ^ ®(Qp[e])- One can see that the 

tangent space of ‘^r=i/(nx/i, is isomorphic to 

In the following lemma, we introduce a representation pr=i : G_f —>■ GL 2 ( 7 ?.t-) which is 
conjugate to by a matrix with coefficient in the field of fractions of TZ and such that 
Tr Pt=i = ■ We introduce Pr=i in the aim to understand the ordinariness of vre at 

the primes places of H above . 


Lemma 4.1. 


(i) There exists a representation Pr=i '■ Gp ^ GL 2 ( 7 ^r=i) such that the pseudo¬ 
representation associated to Pt=i is ■ 

(ii) The residual representation of pr=i modulo has the following form p{g) = 

{or)’ ^ ■ 

(hi) There exists a basis (e[,e 2 } ^Qp such that P\Gf ^ splits in this basis. More¬ 
over, Pt=i is ordinary at and the line stabilized by Gp^^a lifts e^- 


Proof. (i)According to lemma [231 there exist go, ho E Gp such that the order of both 
b{go) and c{ho) in TZ is one. By lemma [30l 2.2.1], p^^ftg) = ^ 


IS a 


rigo,g) d(g) 

representation of Gp. Since b{Gp) C 1117 ^ and the order of b{go) in TZ is one, the order of 

is non-negative. Hence, ^ is an element of TZ. 


However, is invariant by r, so it belongs to TZr=i. 


(ii)Since for all g E Gp, x{go,g) E the residual representation of Pr=i has 

the following form g —>■ {^^^'^ rig))’ £ \ft{F,(j)/(l)^). By (ii) of lemma [231 

) C m^, so for all g in 


HgoM) b{go) 


E tUTe. 
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Moreover, is invariant by r, so it belongs to Hence, '<i/ 4 >^Gh ~ 

™0 

Furthermore, the restriction inflation exact-sequence yields the following isomorphism 

^ hence r^/r G 

™o ” ” 

(iii)Observe that Pr=i is conjugate to p°'^^ by the matrix ^ i/%o) so the represen¬ 
tation Pt=i ® K \s ordinary at . 

In addition, the representation P\Gf „ splits since p/(i>^ G Yi^{F,cj)/ (I)'^)gf „ ■ Since 
Fr=i contains the eigenvalues of p,-=i(ct~^7oit) and Pr=i ® L is ordinary at , we may 
conclude by the same argument of proposition [ 115 . 1 ] that Pt=i is ordinary at ■ 

Remark 4.2. 

(i) Let TTe = {de,d^,ex) be an element oft-Ti,^^^, Then {Hi) of proposition \4-i\ implies 

that for any g € Gp, the funetion x{.,g) is trivial at all decomposition groups 

Gh^, where w \ v°' (since P\Gh ^ —^)- 

’"o 

(ii) Let My (resp. Myc) he the maximal unramified outside the primes above v 
(resp. ) abelian pro-p extension of H, then Hoo,v (resp. Hoo,v'^) are the 
fixed field by the torsion part ofGal{My/H) (resp. Gal{My<T /H)). Henee 
any morphism from Gh to Qp unramified outside v {resp. v^) factors through 
Gal{Hoo,v/H) {resp. Gal{Hoo,v'^/H)), and x(.,*) is trivial when one of its com¬ 
ponents belongs to Gal(Q/Hoo). 

The purpose of the following lemmas is to explains the ordinariness of the elements of 
triy^i at all primes place of H above and v. 

Lemma 4.3. Let a : TZr=i be the canonical projection, tt' = {a',d',x') 

be the pseudo-deformation obtained by the compo.sition a o and w' he a plaee of 

H above v^, then for any h' in ly,/ n Gal((Q/Hoo); a'{h') = 1. 

Proof. Denote by pi the representation obtained by the composition a o pr=i and let 
pl{g) = (c'(g) rf'G)) realization of pi in a basis (111,112) of where b'{g) = 

a{x{g,ho)/x{go,ho)) and x'{go,g) = c'{g). Take any h in lyy^ n Gal(Q/Hoo), it follows 
from (iii) of lemma O that p^Gf a = 0 ® 0°^ in the basis (e'^, 62) of Mq^, and that pi is 
ordinary at in a basis (111,112) of lifting {e[,e 2 ). 

More precisely, if realization of pi in (111,112), then a''{h) = 1 and 

b"{h) = 0 . By remark W? 2 \. c'{h) = 0 , so after writing the representation Pt=i in (111,112), 
we obtain a"{h) = 1 = a'{h). 

Now, if 111' is another place above , such that g{wQ) = w' for g G Gal(H/F), we can 
apply the same argument for the basis (ui, {pl)~^{g)v 2 ). 
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Lemma 4.4. Let w be a plaee of H above v and vr' = {a',d',x') be an element of 

then for any g in Gal{Hoo/F) and h' in Gal(Q/-ffoo)? d'{gh'g~^) = d'{h') and d' is trivial 

o//^nGal(Q/Foo). 

Proof. (i)Write h for gh'g~^, since x '{.,.) is trivial when one of these component belongs 
to Gal(Q/-ffoo) (see remark . we have: 

(3) d'{h) = dfgh'g-^) = d'{g)d'{h'g~^) +x'{h'g~^,g) 

(4) = d'{g)d'{h')d'{g~^) + (j){h')x'{g~^,g) 

Since d'{gg~^) = 1 = d'{g)d'{g~^) + x'{g~^,g), x' G (e) and fiff') = that d'{h) = 

d'{h'){l - x'{g-^,g)) + (l){h')x'{g-^, g) = d'{h'). 

The group Gal(-ff/-F) acts transitively on the places of H above v (since H/F is 
Galois), hence we may conclude by the discussion above and the fact that = 1 (i.e 
vr' is ordinary at u). 

■ 

4.2. Tangent space of and proof of Theorem 11.21 

Let TTe = (dejdejXg) be the pseudo-deformation induced by the canonical projection 
vr' : nr=i ^T=i/(mu,m|j^^J. 

We know that x^ is trivial on Gal(Q/idoo) (see remark f4.2|) . so on Gal((Q/idoo) the 
pseudo-deformation tTe is equal to (de,de,0), where d^, are characters on Gal(Q/ddoo)- 
Let Noo denote the splitting field overs Gal(Q/ddoo) of © d^. 

Theorem 4.5. Let tTe = {d^^de^xf) be the pseudo-deformation induced by the projection 
vr' : TZr=i 7^r=i/(nrA, then: 

(i) Noo is an unramified abelian p-extension of Hoo, such that the action by conju¬ 
gation o/Gal(ddcxD/T) on Ga\.{Noo/Hoo) is trivial. 

(ii) If the assumption (G) holds, then the pseudo-deformation vTe = (de,de,Xe) is 
trivial. 

(hi) If the Iwasawa module Gal(Lo/ddoo) is a finite groupe, then the pseudo-deformation 
vTg = (dgjdejXe) is trivial. . 

(iv) Assume that (G) holds or the Iwasawa module Gal(Lo/ddoo) is a finite groupe, 
then the morphism : A —?■ IZr=i is an isomorphism and the ramification index 
e of C over W at f is exactly 2. 

Proof. (i)Take any g in Gal(ddoo/.^) and h in Gal(Q/ddoo)) since we have fixed the de¬ 
terminant and Xg is trivial when one of these component belong to Gal(Q/ddoo)) lemma 
14.41 implies that de{ghg~^) = dfih) and dfighg~^) = dfih). 
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Therefore, the action of Gb1{Hoo/H) on the character (0^)1 Gai(Q///oo)’ (^£)|Gai(Q/H,^) 
is trivial, so the action of the group Gsl{Hoo/H) on the group Gal(iVoo/-ffoo) is trivial. 

Moreover, lemma 14.41 and 14.31 imply that one of the functions a^, are trivial at 
Gal{Q/H oo)GI.u), where w is any places of H above p, and since we fixed the determinant, 
it follows that Og and are trivial on H Gal{Q/H oq), where w is any place of H above 
p, hence Noo/Hoo is unramihed at all prime places of iVoo above p. 

In addition, proposition [U §7.1] implies that the image of Ii n Gal(Q/77oo) by d^ is 
finite (so trivial), where ^ 7^ p is a prime number. Therefore, Noo/Hoa is an unramihed 
extension. 

(ii)Since the extension Noo/Hoo is unramihed, Noo is a subheld of Loo and since 
Gal{Hoo/H) acts trivially on Gal{Noo/Hoo), is contained in the subheld Lq and 

by assumption Lq is an abelian extension of L", hence is an abelian extension of F”. 

It follows that (vre)! Gai(Q/F") factors through Gal(A^oo/L") which is abelian group. 
Thus, df:{gh) = de{hg) and which implies that is symmetric bilinear and trivial if one 
of its components belongs to any inertia group Iw {w is any place of H above p). 

The fact that Gal(77oo/L"'') can be expressed as a surjective image of all inertia groups 
implies that the function is trivial on Gal{Hoo/F") and since the held F" is hnite 
extension of H, it follows that x^ is trivial on Gh, hence lemma 1231 and [331 implies that 
Xe is trivial, and since is DVR, then vrg is trivial. 

(hi) By assumption and the discussion above, N^o is a hnite extension of Hqo, so 
Noo = Hoo and hence we can conclude using the argument above. 

(iv)Since the tangent space of TZr=i/m.j\ is trivial, is an isomorphism. ■ 

Proposition 4.6. Assume that the p-Hilhert class field of H is trivial, H is a biquadratic 
extension of Q and Gal(Lo/77) is not an abelian group, then the pseudo-deformation 
TTg = (df:,df:,Xe) is not trivial and the ramification index e of C overW at f is at least 4. 

Proof. Our assumptions imply that Gal(77^/77) and Gal{Hv>^/H) are isomorphic to Zp, 
and let 7^, denote respectively their topological generator. The compositum of all 
Zp-extensions of H is isomorphic to Zp (it is the compositum of Hoo with the cyclotomic 
Zp-extension Qoo of Q), hence Gal(Lo/77oo) is of rank one over Zp, since the extension 
Qoo-Hoo/Hoo is ramihed at p (the inertia group at v inside Gal(77oo-Qoo/R^) is of rank 
two over Zp). 

Let V and = a{v) be two places of Lq above v and , so we can see Ga\{H^/H) 
and Ga\[H.„<y /H) as the inertia subgroups of Gal(Lo/L7) at v and (since the p-Hilbert 
of H is trivial). Denote by /? € GafiL^/Hoa) for the commutator ■ Since we 

have assumed that Gal(Lo/L7) is not abelian, then /3 is a generator of GafiLo/Hoo) as a 
Zp-module. 
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Let (resp. pv<^) be a non trivial 1-co-cycle in H^(F, (j)'^/4 >)gp^ (resp. H^(F, ^ ), 

Xe{9,g') := epya{g)p^{g')(j)^{g)(j){g') (see (i) of proposition [33]), ae(/3) = Xe('yv,7v‘^^), 
Oeilv) = O'eijv'^) = 1, SO we Can extend uniquely to a function on Gi? such that 
ae{gg') — o,{g)a{g') = Xf:{g,g'), and let d{g) = a^{g) for all g G Gp- By construction, 
TTg = (oe, df:,Xe) is a non reducible pseudo-deformation in t© and with determinant equal 
to (fxt)^, thus : yl —)• 7^r=i — 7+ is ramified. 


5. Pseudo-deformations of p and base-change F/Q 

Let /iQ denote the p-ordinary Hecke algebra (see m for more details) and let pj 
denote the prime ideal of height one of Hq corresponding to /, and denote by the 
completion by the ideal maximal of the localization of Lq by pf. Let /iq denote the 
reduced ordinary Hecke algebra of tame level N as the sub-algebra of hq generated by 
the Hecke operators Up, and < ^ > for primes i not dividing Np. 

Proposition 5.1. There exists an isomorphism between T and hq^p^. 

Proof, f corresponds to a point x G Qordfl^ where is the cuspidal locus of the 

ordinary locus of (^Qordp is a Zariski closed of and as well known /iq is an 

integral model of (i.e = Sp/iq[1/p]). Write for the completion of the 

localization of /iq by pf (1 Uq. Hence, by results of [TS] §7] and [U §7.2], we have an 
isomorphism h^^^ ~ T and an isomorphism /iq ~ • 


Proof of Theorem II.31 The representation p associated to / is dihedral, so the invo¬ 
lution Lj fixes the height one primes pf of hq^m associated to /. In addition, after the 
identification F ~ T, the action of a; on T coincides with the involution r (see m §3] 
and [IHl §2]). 

Hida constructed in m a pseudo-character Ps/^^ : Gq^Np hq, sending Prob^ to Ti 
for each primes i f Np. It is known, that for all primes q \ Np oi Op, the base-change 
map fd : hp ^ hq sends Tg to Ps/iQ(Frobq). Let n = I3~^{pf), so after localization the 
morphism /3 induces a morphism of local rings jdf : T, and it is easy to check 

that the values of fdf are in 7+, where 7+ is the subring of T fixed by r. 

Moreover, Hida constructed in [T8| a pseudo-character Pshp : Gp ^ hp of dimension 
two, such that Ps/ip(Frobq) = Tg for all primes of q of Op don’t divide p. After compo¬ 
sition by the localization map hp ^ pseudo-character of dimension two 

PsTord : Gp lifting the pseudo-character cj) + cj)^, and since fdiPshp) = (Pshfj)\Gp, 

then (dffPsj ord ) = Tr(pr)iGp- 
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Let S be the total quotient ring of C S), then S = where pi are 

the minimal primes of and as well known each pj corresponds to a Hida family 
specializes to p\Gp- 

Hence, a result of Wiles [30] implies that there exists a unique semi-simple Galois 
representation ps : Gp —^ GL2(5') ordinary at v and , such that Tr(/95) = Ps-j-ord. Since 
0(70) 7^ (^'^(70), Hensel lemma’s implies that the eigenvalues of /95(7o) are distincts, hence 
there exists a basis of Mg such that psilo) is diagonal, and {ps)\Gf^ upper triangular 
is this basis. 

Therefore, lemma 18.31 implies that the coefficients of the matrix of the realization of 
PS in this basis rise to a pseudo-deformation -Kf ord — {a,d,bc) : Gp of vr, which 

is ordinary at v. 

One can see that the action of A fixes n. Denote by the push-forward of Pjord by 
the canonical projection -» Then the trace of is invariant by the action 
of A and Pjo^d is a point of hence there exists a morphism h : 

inducing the pseudo-deformation Pjord . 

By construction, /i(Tr 7r^*(Frob|j)) = Tq for j" p, so the morphism h is surjective 
since the topological generator {Tg}^|p, and Uu<t over A of are in the image of h 
{(t>\GF^ ^ ^'\Gf Uy,Uv<y G im/i). 

According to theorem 11.11 we have the isomorphisms 7+ TZt=i — T^rld 
lemma [31^ is topologically generated over A by Tr 7r^^(Frobq) for all primes q of Op. 
Therefore, the morphism f3f : ^ 7+ is surjective (/3j sends Tq to Tr/97-(Frobg)), and 

since the trace of {pt)\Gf invariant by the action of u, / 3 / factors trough so the 
Krull dimension of is > 1. In addition, the Krull dimension of hp is two, hence 
after localization and completion by the height one prime n, we deduce that is of 
dimension 1, hence is of dimension 1. 

It follows from Theorem 11.11 that the tangent space of has dimension 1 and since 
is equidimensional of dimension 1, the surjection h : is an isomorphism 

of regular local rings of dimension 1. ■ 


Let O be the ring of integers of a p-adic field containing the image of (f>, and assume 
until the end of this section that the p-ordinary Hecke algebra is define over O 
(i.e after an extension of scalars will be an object of CNLo), and assume also 

that the restriction of p to Gal(Q/Q('\/(—is absolutely irreducible and that 
there exists 70 G Gp^ such that <^(70) 7^ (^°'(7o). Then the theorem of Taylor-Wiles 
[31j implies that the p-ordinary Hecke algebra is isomorphic to an universal ring 
^ord repregenting the p-ordinary minimally ramified deformations of p to the objects of 
GNLo. 
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Definition 5.2. 

1) Let A be an object of CNLo, d,d : GF^py A and x : x Gp^py A be a 

eontinuous pseudo-representation, then we say that tta is a pseudo-deformation of vf if, 
and only if, pa 'mod niA = t. 

2) Let (5o ■ CNLo —Set be the functor of all pseudo-deformations pa = {dA,dA,XA) 
of p which satisfy the following conditions: 

(i) For all h € Gp„, h' G Gp, XA{h', h) = 0. 

(ii) dA{g) = l if g e ly. 

(iii) TtPA{ t~^gt) = TV 71 ^( 5 ) for each t in Gq and g G Gp. 

Lemma 5.3. One always has: 

(i) Let A be an object of CNLq, and pa = {dA,dA,XA) be a pseudo-deformation of 
p, then PA depends only on the trace Trvr^ = d{g) -\-d{g) and the determinant 
detTT^ = d{g)d{g) — x(g,g) as follow: 


( 5 ) 


dA{g) 

dA{g) 


TvPAilog) - A2TV7rA(g) 

Ai — A2 

Tr7r^(7og) - Ai Tr7rA(g) 

A2 — Ai 


where Ai = 0 ( 70 ) and X 2 = d( 7 o) are the unique roots of the polynomial X'^ — 
Tipa{io)X + det 71^(70)- 

(ii) The functor <So is representable by ,ppps). 


Proof. 

i) The same proof as in lemma [3^ 

ii) The functor &q satisfies Schlesinger’s criteria, the only non-trivial point is the 
finiteness of the dimension of the tangent space of ©o, and this is provided by the same 
argument of lemma [271 §2.10] (since IL^{Gpy^y,f)/4>'^) has a finite dimension). 


Hensel lemma’s implies that there exists a basis of Mj^ord such that the universal 
p-ordinary deformation ppord satisfies the following conditions: 

pRordi-fo) = (S 2 ) > and {pRord)\GQ^ = (0 *) in this basis. 

Therefore, by using the exact same argument that is given in the proof of lemma 13.71 
we obtain a morphism a : -A /iQ,m which factors through . 

The ring 77^* is just an extension by scalar to Qp of the completed local ring of Spec RP^ 
at the height one prime ideal associated to the pseudo-deformation p of tt. We deduce 
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from lemma [531 that is generated over the Iwasawa algebra Aq by the Trace of the 

universal pseudo-deformation (see [Mj, p564). 

Now, by using the Theorem 11.31 and the exact same arguments that are given in the 
proof of [71 3.10], we deduce the following corollary, without assuming that / 1 

as in Theorem [71 Bj. 

Corollary 5.4. Assume that the following conditions holds for p: 

(i) The character (p is everywhere unramified. 

(ii) p is p-distinguished and the restriction of p to Gal(Q/Q (-\/is ab¬ 
solutely irreducible. 

Then the image of the base-change morphism fd : hp ^ ® finite index, and 

the image of the morphism a : —>■ h^^ is contained in im /3 and it has also a finite 

index in hq^. 

6. Deformation of a reducible Galois representation and proof of 

THEOREM o 


Lemma 6.1. The ring is equidimensional of dimension 3. 


Proof. Note that the non-zero elements of the minimal prime ideals of a reduced noether- 
ian commutative ring are precisely the zero-divisors. It is known by the work of Hida 
that the nearly ordinary Hecke algebra is a finite torsion-free module over the 

Iwasawa algebra of three variables Aq°'^'^ = C)[[Ti, r2, T3]] (see [M]), and since the Hecke 
algebra is reduced, is necessarily an equidimensional local ring of dimension 

4, and is an equidimensional local ring of dimension 3. ■ 


Let H be a ring of the category C and pA ■ Gp ^ GL2 (^) a deformation of p, then we 
say that pA is a nearly-ordinary at p if and only if, we have 


{pa)\Gp„ - 


^ T, 


v,A 

0 p: 


v,A 


and (pa)|g. , 


v'^ ,A 




where if'vA ^ character lifting and ip'fa- ^ is a character lifting (l)\Gp ^ ■ Moreover, 

if and ^ are unramified, then we say that pA is ordinary at p. 


Definition 6.2. Let ^ SETS be the functor of strict equivalence classes of 

deformation of p = ^ g ) ‘^^ich are nearly ordinary at p, and let be the subfunctor 
of'Dn.ord gf deformations which are ordinary atp. 


Since the representation p has an infinite image and i^(Frob^) 7^ (/>‘^(Frob^), Schlesinger 
criterions imply that (resp. is representable by , p^n.ord) (resp. 
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, P'jiord)) . The determinant det pT^ord is a deformation of the determinant detTr, 
so is endowed naturally with a structure of yl-algebra. 

6.1. Nearly ordinary deformation of a redncible representation. 

Hida constructed in [18] a pseudo-character Ps^jn.ord : Gp ^ of dimension two, 

such that for all primes of i of Op prime to p, Ps;jn.ord(Frob£) is the Hecke operator 
T£. After composing Ps y^n.ord by the localization map —>■ we obtain a 

pseudo-character of dimension two Ps ’Y'lT'tOrd : Gp ^ lifting the pseudo-character 

Tr p = (/) © 0°'. 

Let := Y\S'i be the total quotient ring of C so 

Q^'^n,ord'^ _ where runs over the minimal primes of and as well known 

each corresponds to a nearly ordinary p-adic Family which specializes to £’(^ ^<7). 

Moreover, a result of Hida [T8| implies that there exists a unique semi-simple Galois 
representation pQ(jn,ord'j : Gp GL2(Q(T"’’°^‘^)) satisfying Tr(pQ(-j n,ord ))=PS '^n,ord j and 
which is nearly ordinary at v and , in the sens that {pq(^ ’Y'lT'jOrd ))\Gp^ (resp. (pq( 'Y‘n,ord ))\GFg) 
is the extension a character ^pj„,ord^^ (resp. ip'jn.ord^^a) lifting (resp. (j)\GF^J ^ 

character (resp. 

The direction of the precedent extensions are uniquely determined by the fact that 
= (/)'^(Frob^,).£'(^^^a) and = (/)(Frob^,<T).£'(^^0a) (see lemmaiT]). 

Let 7 q G Gp^^ such that 0(7o) ^ (^'^(7 q). Hensel lemma’s implies that the eigenvalues 
of PQ(T".o'-'i)(7o) are distincts, and hence there exists a basis {e'l^e'^) of Mg^-j-n.ord) such 
that PQ(Tn.ord)(7o) = (S °) and {pQ(jr.,ord))\Gp^^ = (* ^) in this basis. 

Let a, 6, c, d be the coefficients of the realization of pQ(jn,ord-j by matrix in the basis 
{^(, 62 ) of MQ(jn,ordp B and G be the T"'’°^‘’^-sub modules of generated re¬ 

spectively by the coefficients b{g) and c{g'), where g and g' run over the elements of 
Gp. 

Let m.'jpn.ord be the maximal ideal of and Ext^ {(j)^ 1 4 ’)gf „ be the subspace 

of Ext^ (0'^, (^) given by the extensions of (j)" by (j) which are trivial at Gp^„. We 
have the following generalization of the proposition [21 2]. 

Proposition 6.3. One always has : 

(i) Hom-]pTi.ord(£, Qp) injects -linearly in Ext^ ((/)°', ^ . 

(ii) B is an -module of finite type and the annihilator of B is zero. 

Proof. 

i) Using the lemma [T3l the coefficients a, d and h{g).c{g') can be obtained only from 
the trace PsTn.ord and the determinant det pQ(jn,ordy Moreover, the reduction of Psjn.ord 
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is I?!) + hence {a,d,bc) is a pseudo-deformation of vr = ((/>, (/)”', 0), and hence a — 4>, 
d — (ff and b{g)c{g') are in m-j’ n,ord . 

Denote by b the image of 6 in 5 = B/m^n,ordB, so we get a group homomorphism: 


G 


Qp B 

0 Qp 


given by g 


0 Ka) ^ 
0 0 ' 




Since the restriction of 6 to ^ is trivial in our basis, we obtain a morphism 


j : Horn 'jpTTjOrd 

which associates to a morphism / : B/m'fn,ordB —)■ Qp the 1-cocycle g —>• f{b{g)) (since 
b{g)c{g') G m '^n,ord ). We remark that the choice of the basis of Mg^-j-n.ord) implies 

the 1-cocycle g —)• f{b{g)) is trivial on Gp^a- 


Now, we will prove that j is injective. First, a direct computation shows that 


Klodlo ^9 ^) = 


Kg) ^(p{7o) 




- 1 ) 


and implies that B/mjn.ordB is generated over '1'”’°'’'^ only by the elements b{g), when 
g runs over Gh (7o5'7o~^fi'~^ ^ Gh)- Now, if / G Hom’]rn,ord(il/m']rn,ordil, Qp) such that 
f(b) is trivial in Ext^ , K)gf „ ; then f(b) is a 1-co boundary and the restriction of 

/ to Gh is trivial (since H is the splitting field of 4>/(j)^). On the other hand, B/mjn,ordB 
is generated by b{g), when g runs over Gh, therefore / is trivial. 

ii) Since the representation pQ(jn,ord^ is semi-simple. Lemma [21 4] implies that B is a 
finite type T’^’°’''^-module. 

The pseudo-character Ps^jn.ord rises to a totally odd representation 


Pf^jpord Gp —> G\j2{Q{hdp°^‘^)), 

where Q(/i^'°'’'^) is the total fraction field of We have where J* 

runs over the fields given by the localization of at the minimal primes of 

(each 3i corresponds to a nearly ordinary Hida family). There exists a basis of Mg^j^pord^ 
in which p^pord{c) = (g °), and let a',b',c',d' be the entries of the realization of p^pord 
by a matrix in this basis. The functions a', d' and b'd depend only of the trace Ps^n.ord 
and the determinant det p^n.ord, and the values the functions a',d' and b'd are in 

Since the noncritical classical cuspidal Hilbert modular forms are Zariski dense on 
each irreducible component of Specthen for each field 7* there exists gi,g[ in 
Gp^ such that the image by projection of b'{gi)d{g[) is not trivial in 7j. Thus, all 
the representations ps' given by composing pQ(jn,ord-^ with the projection pQ(^jn,ordj = 
j^rjpn.ord ^ _ r^n,ord absolutely irreducible, so the image of B is each 5' is non 

zero and we can conclude that the annihilator of B in is zero. ■ 


Corollary 6.4. One always has: 
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(i) The -module B is free of rank one and there exists an adapted basis {ef, e'^) 

of MQ(jn,ord^i such that B is generated oi;er by 1. 

(ii) In the basis (e",e2)j the realization PQ(jn,ord^{'yQ) is diagonal and the represen¬ 
tation pQ^jn,ord'^ : Gp —^ GL2 is a nearly ordinary deformation of p. 

Proof. 

i) Since Ext^ ((/)°', ^ ~ the propositions 12.51 and 16.31 imply 

that the dimension of Ext^ (/>)gp ^ is one and dimQ^ B iS> Qp < 1. We proved in 

the proposition above that i? is a non zero finite type T"'’°’’'^-module, then Nakayama’s 
lemma implies that i? is a monogenic T’^’°’''^-module, and the fact that the annihilator of 
B in is zero implies that 5 is a free T”’°’''^-module of rank one. By rescaling the 

basis (e'{,e 2 }, the values of pQ^jn,ordj will be in GL2(T"’°'’‘^). 

ii) Since any representation isomorphic to an extension of (j)^ by f trivial on 

is necessarily isomorphic to p, then (i) implies that pq^'in.ord-^ : Gp ^ GL2(T’*’°’’‘^) is a 
deformation of p and by construction pqfj^.ord-^ is nearly ordinary at . 

By the work of Hida [18], pQfjn.ord-^ : Gp —)■ GL2((5(T”’°’’‘^)) is nearly ordinary at v. 
Since (/)(Frobu) 7^ i^'^(Frob^), we can use the exact same argument that is given in the 
proof of Proposition [TJ 5.1] to prove that pQfjn.ord-^ : Gp —)• GL2(T"’’°^'^) is ordinary at 

V. 


6.2. Tangent space of 

Let tpn.ord (resp. t-pord) denote the tangent space of (resp. The choice 

of the basis (e^,ey of defines in lemma 14.11 identifies EndQ^ (-^Qp) with M2 (Qp). 
Since pic splits completely in the basis (eGco), we have the following decomposition 
of Qp)^^^,^ (-modules 


(adp)|Gp.^^ =Qp©(/)/())'^©(/)‘^/0©Qp 

( 6 ) 

(?d) ^ {a,b,c,d) 

Let Fil(ad p) be the subspace of ad p given by the following elements 

Fil(adp) = {g e EndQ^(MQ^) | g{ei) C (ei)}. 

By composing the restriction morphism {F, ad p) —?■ {Fy^r , ad p) and the morphism 
b* : H^(E^a,adp) —)• {Fyir, (f / (j)^ ) (obtained by functoriality from Q), we obtain the 
natural map: 


( 7 ) 


R\F,adp)^}iHF,cf/r) 
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Since p is reducible, Fil(ad p) is preserved by the action of ad/5 and we have a natural 
Gi?-equivariant map given by the quotient of adp by Fil(adp): 

adp-^Qp[(l)^/(j)] 

(o) 

Let r : {F, (f)^^/4>) —)• {Fy, /cj)) denote the natural morphism given by the re- 
striction of the 1-cocycles to and C* : H^(F, ad p) —> /(j)) be the morphism 

obtained by functoriality from ([8|). By using a standard argument of the deformation 
theory, we obtain the following result. 

Lemma 6.5. We have the following isomorphism: 

tj,n.ord = ker (B\F,adp) {R\Fy, / <P) © R\Fy. 

Let P = /(p] be the Qp[Gir]-module of dimension one over Qp and on which Gp 

acts by We remark that the quotient of adp by Fil(adp) is isomorphic to P as 

Qp[Gir]-module. Thus, we have an exact sequence of Qp[Gi7’]-module: 

(9) 0 —)• Fil(ad p) —)• ad /5 —)• P —)• 0 

Since p"/p ^ 1, = {0}, there exists a long exacts sequence of cohomology: 

(10) 0^H^(P,Fil(adp)) ^H^(P,ad/5) ^Hi(P,P) ^H2(P,Fil(adp)) 

We will show that H^(P, Fil(adp)) is trivial. First, we will begin by computing the 
dimension of H^(P, Fil(adp)) in order to use the Global Euler characteristic formula to 
deduce that H^(P, Fil(adp)) vanishes. 

Under the identification EndQ^(MQ^) ~ M 2 {Qp), Eil(adp) is just the subspace of the 
upper triangular matrix of ad p. Since p is reducible, the subspace 

Eil(adp)o := {g G EndQ^(MQ^) | p(ei) = 0} 

of Eil(adp) is stable by the action of Gp, and the adjoint action on this sub-space is 
given by p/p^■ We can think Eil(adp)o as the subspace of Eil(adp) given by the strict 
upper triangular matrix and it is isomorphic to ^p[p/p"] as Qp[Gi7’]-module. 

Therefore, we obtain the following exact sequence of Qp[Gi7’]-module: 
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Hence, there exists a long exact cohomology sequence: 

( 11 ) 

0 ^ 7J“(F,Fil(adp)) ^ H°{F,ql) A R\F,cj)/r) ^ h 1(F, Fil(adp)) ^ R\F,ql) ^ 


Lemma 6.6. The cohomology group H^(F, (l)/4’^) trivial and one always has dim,^^ H^(F, Fil(ad p)) 

3. 


Proof. Global Euler characteristic formula implies that: 


( 12 ) 


dimH°(F, (flfP') — dimH^(F, (flfP) + dimH^(F, 
= ^dim(Qp)^^-' -[F:Q] 

v\oo 


Since (f/cj)^ is a totally odd character, the relation above yields that: 

-dimQ^H^(F,(^/(/)'^) + dimQ^H^(F,(/)/())'^) = -2 

It follows from the proposition 12.51 that dimQ^ H^(F, (/)/(/)°') = 2, so H^(F, is 

trivial. Finally, E is a real quadratic extension, so dimQ^ H^(E, Q^) = 2, and hence the 
long exact sequence m implies that dimQ^ H^(E, Fil(adp)) = 3. ■ 

Corollary 6.7. 

(i) The cohomology group H^(E, Fil(adp)) is trivial. 

(ii) There exists an exact sequence 

0 ^ H^(E,Fil(adp)) ^ H^(E,ad,5) ^ /(f) 0 

Proof, i)Global Euler characteristic formula implies that: 

dimQ^H°(E,Fil(adp)) - dim^^ H^(E, Fil(ad p)) + dim^^ h 2(E, Fil(ad p)) 
dimQ^(Fil(adp))‘^^*' - [E : Q] dim^^ Fil(adp) 

7;|oo 

Hence, the result follows immediately from the fact that p is a totally odd representa¬ 
tion and dimQ^ H^(E, Fil(ad p)) = 3. 

ii) Since H^(E, Fil(ad p)) = 0, the longue exact sequence (fTOjl is unobstructed. 


Theorem 6.8. One always has dimQ^ ^ 3 and dimQ^ t^ord < 1. 

Proof. The proposition 16.61 and the long exact sequence m yield the following exact 
sequence : 

(14) H°(E,Q2) 4 R\F,f/r) ^ Hi(E,Fil(ad4) 4 li\F,Ql) ^ 0 
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The image of 6 is of dimension one over Qp. 

Now, we will add the local conditions at v and to ours 1-cocycles: 


(15) 

A Hi(F,Fil(adp)) ^ ^ 0 

r' B* 

Where r' is the map given by restriction of the 1-co-cycles to G. 

First, we will proof that the composition of B* with i is not trivial. We proceed by 
absurd : 

Let Pi be a 1-co-cycle of H^(F,Fil(adp)) lying in the image of i, then pi{g) = (o o) 
such that h G B^{F,(l)/(j)^). Suppose that (qq) is 3' trivial 1-co-cycle (i.e h isn’t 
a 1-co-boundary) and belonging to ker(H^(F’, Fil(ad p)) —>■ 1:F{F^<t so we can 
modify 6 by a 1-coboundary such that b = \p/(f)^, where A G (see lemma ITTl) . A 
direct computation shows that the 1-cocycle pi(p) is the 1-co-boundary given by 

g p{g)Ap{g)-^ - A , where A := ("^ g) . 

Hence we have a contradiction since we have assumed that pi is not a 1-coboundary, and 
therefore we have 

dimQ^ker(H^(F,Fil(adp)) ^ H^(F;<t, (/>/</)'’')) = 2. 

Moreover, we obtain from (ii) of corollary 16.71 the lemma iGAl and the discussion above 
the following exact sequence : 

(16) 0 ^ (ker(HHT,Fil(adp)) ^ H\F,. , cf>/r))) 4 ^ H\F,rU)G^^ 

Finally, since the vector space H^(F’, cj )'^/is of dimension one, one may conclude 
from the exact sequence (fT6|) that dim^^ t-Dn.ord < 3. 

To compute the dimension of %ord, we need to add the extra conditions of ordinariness 
at p to t 'jyn.ord and which appears in the filtration Fil(ad p) as follow: 

From the relation ([H]), we have a map of Qp[GF„a]-modules 


(17) 


ad p 


Qp 



a 


and inducing by functoriality a map 


A* : Hi(F,adp) ^ Hom(Gir^,,,Qp). 
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Hence, we have the following inclusion 

t-Dora C Ih = ker (i{\F,adp) 0 0 Hom(GF„. , Qp))^ 

Let VLo denote ker(H^(F, Fil(ad p)) ^ ^ H^(Fpa, 0 Hom(GF^^, Qp)), so we 

have the exact sequence 

(18) O^Wo^W 07<^)gf„ 

Therefore, the isomorphism ker(H^(F, Fil(ad p)) ^ , 0/7)) ~ H^(F, Qp) (com¬ 

ing from the discussion above) implies that Wq is of dimension one over Qp and dimQ^ IT < 

2 . 

On the other hand, any 1-co-cycle pi € ITo satisfies the condition of ordinariness at p 
is necessarily an homomorphism in H^(F, Qp) which is unramified at u, so trivial (since 
F is a real quadratic extension of Q). Finally, from the discussion above and the exact 
sequence m we obtain; 

diniQ^ tj)ord = dimQ^ IT - 1 < 1. 


Proof of the theorem II.51 

The p-nearly ordinary deformation 

PQ(Tn,o.d) : Gf GL2(T’^’°^'^) 
of p yields a canonical morphism : 

j^n.ord _ y r^n.ord 

Let ni := n and be the completed local ring of Spec at ni. 

Since is a torsion-free yl^'°'’'^-module of finite type, we obtain after localization a 

hnite torsion-free morphism w : —>■ On the other hand, the local ring 

is endowed naturally with structure of yl-algebra coming from the finite flat morphism 

Ao hp (see m)- 

The ring has a canonical structure of yl”j^°’''^-algebra (see [3l §6.2]), and the 

morphism ()19p is a morphism of yl^^°^'^-algebras. 

Moreover, the ring := 71'^'°'^'^/m^ri.ordRA’°'^'^ represents the largest p-ordinary 

quotient of of determinant equal to detp (see [3l §6.2]). 


Proposition 6.9. One always has: 
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(i) The morphism hl9i) yields an isomorphism of complete local regular rings ~ 

qpn.ord 

(ii) There exists an isomorphism between local regular rings ~ 

(iii) There exists an isomorphism ~ 'R,r=i- 

(iv) There exists an isomorphism ~ 

Proof. 

i) We need to show first that the morphism (I19p is surjective. By construction, the 

Hecke algebra is generated of by the Hecke operators Tq with q f p, C/p. with 

pj I p. The morphism (fT^ sends the trace of p7^n.ord(Frobq) to Tq when q | p. On the 
other hand, the restriction of P'nn.ord to Gp^. for all primes p* | p of F is an extension 
of the character 'ip".j^n.ord by the character V’^T^n.ord) where the image of the character 
'^'i'H^ord in is just the character Jp. which sends [p,FpJ on the Hecke operator 

T(p), where [.,FpJ : Fp^ ^ is the Artin symbol. Thus, Fp. = [vTp., FpJ in the image 
of the morphisme (1191) for some uniformizing parameter vTp. of the local field Fp.. Hence, 
the morphism ()19ll is surjective and the Krull dimension of is at least 3. Finally, 

the proposition 16.81 implies that is a regular ring dimension 3, and since the Krull 

dimension of is 3, the surjection ()19p is an isomorphism of regular local rings of 

dimension 3. 

ii) We deduce from (i) and the relation [3l (20)] that ~ Moreover, the 

Theorem 16.81 implies that the dimension of is one over Qp (since the Krull 

dimension of is equal to one). Hence TZ°^^ is a discrete valuation ring. 

iii) The deformation Pt-=i of p (see lemma 14.1|) induces by functoriality an homo¬ 
morphism —)• TZr=i, and since TZt=i is generated over A by the trace of Pt-=i 

(F(]g^ ~ F.r=i), this homomorphism ^ 'TIt=i is surjective. Finally, both and 

TZt-=i are DVR, then this surjection rises to an isomorphism. 

iv) It follows from i), ii) and the relation m § 6 . 2 ]. 

■ 

Let S|(l,Id)/p’ denote the space of p-adic cuspidal-overconvergent Hilbert modular 
forms over F of weight 1, tame level 1, of trivial Nybentypus character and with co¬ 
efficients in Qp, and let S|(l, Id)/p’[[F (0 ^a)]] be the generalised eigenspace attached to 
F (0 0 a) inside 5j(l,Id)/^. By construction of the p-ordinary Hecke algebra hp, there 
exists an isomorphism; 

HomQ^(T-''/m^T-^(Qp) c;. S|(l, Id)/^[[F(^,^.)]]. 

We have the following consequence of the proposition 16.91 and which summarizes the 
results of this paper. 
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Corollary 6.10. Assume that (p is unramified everywhere and (^(Frob^) 7 ^ (^“"(Frob^), 
then the following conditions are equivalents: 

(i) is etale over 

(ii) T°^‘^ is etale over A. 

(iii) T+ is etale over A. 

(iv) The ramification index e of C over W is exactly 2 . 

(v) The Qp-vector space 5|(1, ld)/p’[[i?( 0 ^ 0 a)]] is of dimension one and it is generated 

-^( 0 , 0 '^) • 

Remark 6.11. 

In the case where the hypothesis (G) holds, the equivalence of the above corollary holds. 

7. EXAMPLES WHERE THE RAMIFICATION INDEX e OF C OVER W AT / IS 2 

Cho, Dimitrov and Ghate provided several examples for Hida families T" containing 
a classical RM cuspform and such that the field generated by the coefficients of is a 
quadratic extension of the fraction field of the Iwasawa algerba Aq. Thus, we have a 
several numerical examples for which the ramification index e of C over W at / is 2 . 

7.1. Examples provided by Dimitrov-Ghate [T2l §7.3]. 

Denote by the A^-New-quotient of hq^xn acting on the space of Ao-adic ordinary 
cuspforms of tame level N which are A^-New. Dimitrov and Ghate studied in |12l §7.3] 
the Hida families specializing to RM weight one forms, and they have many examples 
for which the rank of over the Iwasawa algebra A^ is two. In this case, if J- denote 
a p-adic Hida family specializing to the classical RM form /, then the field generated by 
the coefficients of J- is obtained by adjoining to Frac(ylc)) a square-root of an element in 
Aq. 

Their method of computation consists in studying specializations in weights two or 
more, more precisely, they showed that the p-adic completions of the Hecke fields of 
modular forms fk for the first few weights k are all quadratic extensions of Qp (see Table 
1 and Table 2 of [T2l §7.3]). 

7.2. Examples provided by Cho [ 6 l §7]. 

The method of computation of S.Cho in [ 6 l §7] consists in studying the unramifiedness 
specializations of of higher weight in the aim to proof that h^p^ ~ Aq in many 
examples. 

Let Hk be the Hecke algebra over Q for the space of cusp forms of weight k, Nybentypus 
character ep and level N, be the maximal real sub-algebra of and Dp be the 
discriminant of 
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A direct computation shows that the Atkin-Lehner involution acts on as the com- 
plexe conjugation. Therefore, when p\ D^, the specialization of at the weight k is 
unramified over O, and hence ~ Aq by [T6l Proposition 8 ]. 

Thus, It is sufficient to find examples such that the specialization of at higher 
weight k is unramified over O, and Cho checked this unramifiedness from the discriminant 
table from [141 Table 1]. 
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